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Japaridze Polymodal Logic

GLP; is the propositional modal logic with two unary modalities
[0] and [1].
Axioms: Boolean tautologies

LL. [](e = ¢) = ([i]lp — [i]¢), for i =0,1;

L2. [ile — [i][i]e, for i =0,1;

L3. []([]]l¢ = ¢) — [i]e, for i =0,1;

J1. [0]e — [1]¢;

J2. (0)p — [1(0)¢.
Inference rules:  ® Modus Ponens;

¥

® Necessitation: —
[

, for i =0,1.
Where (i)¢ denotes —[i]—¢.
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Ignatiev's fragment of GLP,

I is the subsystem of GLP>:

Axioms: Boolean tautologies
L1. [i](e — ¢) = ([{]le — [i]¥), for i =0,1;
L2. [ile — [i][i]¢, for i =0,1;
L3. [i[([/l¢ — ¢) — [i]e, for i =0,1;
I1. [0]¢ — [1][0];
J2.(0)¢ — [1[(0).
Inference rules:  ® Modus Ponens,
o Necessitation: i for i =0,1.
il
Where (i)¢ denotes —[i]—¢.
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Two relations

We define the following two relations:
® wR>ox iff wRox V wRix V 3y (wRoyR1x);
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Two relations

We define the following two relations:
® wR>ox iff wRox V wRix V 3y (wRoyR1x);

Proving the conditions
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Two relations

We define the following two relations:
® wR>ox iff wRox V wRix V 3y (wRoyR1x);

* wRyx iff wR>ox V 3z (zRiw A zR>¢x); iff
WR>ox V 3z (zRiw A zR; x).

W e X W X

\
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Definitions
e M= (W, Ry, Ry, V) is ¢p-complete iff for every x € W,
M, x E [0]¢) — [1]¢ for all subsentences [0]¢) of ¢.
* Agis ¢ A[0]¢ A [1]¢ A [O][1]¢;
o Mg is A{A([0]y) — [1]%) : [0]¢) is a subsentence of ¢}.

Lemma
wtTM is ¢-complete iff M, w E M.

Theorem
Assume M = (W, Ry, R1, V) is ¢-complete and let
N = (W,Ry, Ri, V). For every subsentence 1) of p and w € W,

M, w E b iff N, w E 1.
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Analytical Completeness

Suppose GLP> I/ ¢. Then Iy f M¢p — ¢.

® By the completeness of Iy, there is a model
M = (W, Ry, R1, V) and a world e such that M, e E M¢ and

M, eH .
® By the generated submodel theorem we may assume that
M = eTM and so that M is ¢-complete.

® Assume that W ={1,...,n} and e = 1.

e Finally, we add a world 0 and extend Ry so that 0Ryx for all
x e W.
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Solovay conditions

L F Viewuio S5x;
2. F (S5« ASy), for every x # y;
3.i. Sy, — Con(Sy), for every wRyx;
3.ii. F Sy — Cony,(Sx), for every wRix;
4.i. + S, — Prov (\/Wﬁox Sx), for every w # 0;
4.ii. B Sy, — Prov,, (V Sx), for every w # 0.

wRyx

Proving the conditions
00000000
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Solovay conditions

L F Viewuio S5x;
2. F (S5« ASy), for every x # y;
3.i. Sy, — Con(Sy), for every wRyx;
3.ii. F Sy — Cony,(Sx), for every wRix;
4.i. + S, — Prov (\/Wﬁox Sx), for every w # 0;
4.ii. B Sy, — Prov,, (V Sx), for every w # 0.

wRyx

Lemma
If we W, then - S,, — Prov,(=Sy).

Proving the conditions
00000000
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Solovay conditions

L F Viewuio S5x;
2. F (S5« ASy), for every x # y;
3.i. Sy, — Con(Sy), for every wRyx;
3.ii. F Sy — Cony,(Sx), for every wRix;
4.i. + S, — Prov (\/wﬁox Sx), for every w # 0;
4.ii. £ Sy — Provy, (Vrox Sx). for every w # 0.

Lemma
If we W, then - S,, — Prov,(=Sy).

Proof
By 2., Sx — —S,, for every wRix. Thus \/ g, Sx — —Sw.
The proof concludes with (4.ii) and the properties of Prov,,,.
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Solovay Proof

Define (-)* such that p* = V,,\;, Sw-
Theorem

For every subsentence v of ¢ and w € W':
(a) if M,w E 4 then = S,, — ¢*;

(b) if Myw 1 then t= S, — —b*.
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Solovay Proof

Define (-)* such that p* = V,,\;, Sw-

Theorem
For every subsentence v of ¢ and w € W':
(a) if M,w E 4 then = S,, — ¢*;

(b) if Myw 1 then t= S, — —b*.

Proof
Assume 1) = p, then (a) is trivial and (b) is given by condition 2.:

F=(S5<ASy), for every x # y.
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Solovay Proof

Proof
Suppose ¥ = [0]¢.
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Solovay Proof

Proof
Suppose ¥ = [0]¢.
(a) Let M, w E [0]¢,

Proving the conditions
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Solovay Proof

Proof
Suppose ¥ = [0]¢.
(a) Let M, w E [0]¢, then M, x E £ for all wRyx.
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Solovay Proof

Proof

Suppose ¢ = [0]¢.

(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
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Solovay Proof

Proof

Suppose ¢ = [0]¢.

(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.

So -V Sx — &* and thus F Prov (/ Sx) = ¥~

wRyx wRox
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Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

Wﬁgx SX) - ¢*

S«) and so - S, — ¥*.

wRyx



A reminder Analytical Completeness Requirements Proving the conditions
0000 [e]ele] o] 000 00000000

Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

Wﬁox SX) - w*

S«) and so - S, — ¥*.

wRyx

(b) If M, w 7 [0]¢
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Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

Wﬁox SX) - w*

S«) and so - S, — ¥*.

wRyx

(b) If M, w I [0]¢ then M, x ¥ £ for some wRox.
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Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

wRox SX) - ¢*
whox S«) and so - S, — ¥*.
(b) If M, w I [0]¢ then M, x # £ for some wRyx.

By the L.H., - 5, — —=¢*.
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Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

wRox SX) - ¢*
whox S«) and so - S, — ¥*.
(b) If M, w I [0]¢ then M, x # £ for some wRyx.

By the L.H., - 5, — —=¢*.

Thus = Con(Sx) — —*.
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Solovay Proof

Proof
Suppose ¢ = [0]¢.
(a) Let M, w E [0]¢, then M, x k= ¢ for all wRyx.
By the I.H., - S, — &* for all wRyx.
So =V, 4« Sx — & and thus I Prov (V

By 4.i., - S, — Prov (V

whox Sx) = V"
whox S«) and so - S, — ¥*.
(b) If M, w I [0]¢ then M, x # £ for some wRyx.

By the ILH., F 54 — —¢&*.

Thus = Con(Sx) — —*.

By 3.i.,, F S\, — Con(Sx) and + S, — —*.



A reminder Analytical Completeness Requirements Proving the conditions
0000 [e]eleJe] } 000 00000000

Proving completeness

Therefore, = S — —¢*;
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Proving completeness

Therefore, - 51 — —¢*;

F Con(S51) — — Prov(¢*);
3.i. gives - So — Con(51);
thus = So — — Prov(¢*);

Proving the conditions
00000000
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Proving completeness

Therefore, - 51 — —¢*;

F Con(S51) — — Prov(¢*);

3.i. gives - So — Con(51);

thus = So — — Prov(¢*);

since N F Sy, then N E = Prov(¢*) and so t/ ¢*.
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Requirements for the conditions

Theorem

There is a Mi-relation p(x, y) with domain w-Prov such that
{(x,y) : x,y € w-ProvAp(x,y)} reflexively well-orders w-Prov;
moreover, if x € w-Prov and y & w-Prov, then p(x,y).

Notation
Let p(¢, 1) denote the formula p(—¢, —1)).

Remark

F p(x,y) — Prov,(x).
Therefore, - p(x,y) — Prov,(—x).
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OK Functions

Definition
A function h: {0,...m} — WU {0} is w-OK iff:
* h(0)=0;
® h(m)=w;
e for all i < m, either h(i) Ry h(i+1) or h(i) Ry h(i+1);
e there is no i such that h(i) Ry h(i+1) Ry h(i+2).
The function his OK if it is w-OK for some w € W U {0}.

Notation
There is a least k < m such that h(i) Ry h(i+1) for all i > k.
We will denote that k as Iy and m as /.

h(0) -~ h(lp) Ar— h(h)
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Solovay sentences

By the generalized diagonal lemma, there are sentences
S0, 51 ..., Sp such that for each w € W U {0}:

FSy < w= W/\V{Ah/\Bh/\Ch/\Dh this W—OK}.
o Ajis
/\i</0 /\h(i)RoX Elb( Prf(b, ﬁsh(i—l-l)) AVa < b— Prf(a7 ﬁ\SX)),
® Bhis An(ip)Rox Con(Syx);

® Chis Np<ich Nn(iyrix P(Sh(it1) Sx);
L4 Dh is /\h(ll)Rlx Conw(Sx).



Requirements
ooe

Solovay sentences

By the generalized diagonal lemma, there are sentences
S0, 51 ..., Sp such that for each w € W U {0}:

FSy < w= W/\V{Ah/\Bh/\Ch/\Dh this W—OK}.
o Ajis
Nicts Mriiyrox IB(PrE(b, =Shi 1)) A Va < b=Prf(a, )
® Bhis An(ip)rox Con(Sx):
® Chis Np<ich Nn(iyrix P(Sh(it1) Sx);
® Dy is An(h)rix Conw(Sx)-

Notation
We will write AB), instead of A A By, etc.
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Proving the conditions

Lemma
Suppose wRyx, then F S, — Con(Sx).
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Proving the conditions

Lemma
Suppose wRyx, then - S, — Con(Sx).

Proof
Let h be w-OK. Then h(lp)Rox and so By — Con(Sx).
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Proving the conditions

Lemma
Suppose wRyx, then - S, — Con(Sx).

Proof
Let h be w-OK. Then h(lp)Rox and so B, — Con(Sy).

Lemma
Suppose wR;x, then - S, — Con,(Sx).
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Proving the conditions

Lemma
Suppose wRyx, then - S, — Con(Sx).

Proof
Let h be w-OK. Then h(lp)Rox and so B, — Con(Sy).

Lemma
Suppose wR;x, then - S, — Con,(Sx).

Notation
® his Ri-freeif Iy = K.
® h' Rp-extends hif < If, for every i < i < If it holds that
h(i) Ro h(i+1) and ' | dom(h) = h.
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Proving the conditions

Lemma
Suppose wRyx, then - S, — Con(Sx).

Proof
Let h be w-OK. Then h(lp)Rox and so B, — Con(Sy).

Lemma
Suppose wR;x, then - S, — Con,(Sx).

Notation
® his Ri-freeif Iy = K.
® h' Rp-extends hif < If, for every i < i < If it holds that
h(i) Ro h(i+1) and ' | dom(h) = h.
® hx x denotes the function hU {(h+1,x)}.
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Incompatibility of different Solovay formulas

Lemma
If h=£ K, then - =(ABCDy A ABCDy).
Proof

Case 1. There exists i < I, /{ such that h(i+1) # H'(i+1).
Let i be the least with that property.
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Incompatibility of different Solovay formulas

Lemma
If h=£ K, then - =(ABCDy A ABCDy).

Proof
Case 1. There exists i < I, /{ such that h(i+1) # H'(i+1).
Let i be the least with that property.
(a) If i <o, I} then
F Ap — 3b(Prf(b, ~Sk(it1)) A Va < b= Prf(a, =Sy (i41))) and
F Ah’ — Hb( Pl’f(b, _‘Sh’(i—‘,-l)) AVa < b— Prf(a, _‘Sh(i—‘,-l)))r
therefore A, and A, are incompatible.
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Incompatibility of different Solovay formulas

Lemma
If h=£ K, then - =(ABCDy A ABCDy).

Proof
Case 1. There exists i < I, /{ such that h(i+1) # H'(i+1).

Let i be the least with that property.

(a) If i <o, I} then
F Ap — 3b(Prf(b, ~Sk(it1)) A Va < b= Prf(a, =Sy (i41))) and
F Ay — 3b(Prf(b, =Sy (i41)) A Va < b=Prf(a, =Spi11))),
therefore A, and Ay are incompatible.

(b) If [y < i< Iy then A is incompatible with By.

(c) If Io, Iy < i then p(Sp, Sw) is incompatible with A(Sy, Sp).
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Incompatibility of different Solovay formulas

Proof
Case2 hC H
(a) If h < Iy then By is incompatible with Ap .
(b) If b > Iy then Cony,(Sp(1,41)) is incompatible with
A(Sw(h+1)s Sw(h+1))-
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Incompatibility of different Solovay formulas

Proof
Case2 hC H
(a) If h < Iy then By is incompatible with Ap .
(b) If b > Iy then Cony,(Sp(1,41)) is incompatible with
A(Sw(h+1)s Sw(h+1))-

Corollary
F (5« ASy), for every x # y.
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Towards the disjunctive conditions

Lemma
Let h be Ri-free, then - Ay — By V Vh(ll)ROX Apix-

Lemma
Let h be Ry-free, then - A, — AB, V \V{ABy : h' Rp-extends h}.
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Towards the disjunctive conditions

Lemma
Let h be Ri-free, then - Ay — By V Vh(ll)ROX Apix-

Lemma
Let h be Ry-free, then - A, — AB, V \V{ABy : h' Rp-extends h}.

Lemma
Let h be Ry-free, then - AB, — ABCD; Vv Vh(ll)Rlx ABChix.

Lemma
= ABC, — ABCDy, V \J/{ABCDy : h' Ry-extends h}.
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One Solovay condition is provable in Analysis

Lemma 1
Let h be Ry-free, then b Ay = Sp(1) V V(1) Roox Ox-

Lemma 2
l_ ABCh — Sh(/l) vV Vh(ll)Rlx SX.
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One Solovay condition is provable in Analysis

Lemma 1
Let h be Ry-free, then b Ay = Sp(1) V V(1) Roox Ox-

Lemma 2
l_ ABCh — Sh(ll) vV \/h(ll)Rlx SX.

Corollary
= Vewuio Sx-
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One Solovay condition is provable in Analysis

Lemma 1
Let h be Ry-free, then b Ay = Sp(1) V V(1) Roox Ox-

Lemma 2

'_ ABCh — Sh(ll) V \/h(ll)Rlx SX.
Corollary

= Vewuio Sx-

Proof
Let h={(0,0)}, then trivially - A and we are done by Lemma 1.
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Theorem
= Sw — Prov(V,, 4, Sx) for w # 0.

Proof
Let h' be w-OK and let h = W' [{0, ..., [}

Proving the conditions
00000800
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Theorem
= Sw — Prov(V,, 4, Sx) for w # 0.

Proof

Let h' be w-OK and let h = H'[{0,...,l}}. Then one of the two
hold:

L4 h(/l) Ry w;
L4 h(/]_) = w.
And if h(h) Rso x, then wRyx.



A reminder Analytical Completeness Requirements Proving the conditions
00000 00000000

Theorem
= Sw — Prov(V,, 4, Sx) for w # 0.

Proof

Let h' be w-OK and let h = H'[{0,...,l}}. Then one of the two
hold:

® h(h) Ry w;
* h(h) =w.
And if h(h) Rso x, then wRyx.
® As his Ri-free, = Ap = Spin) V Vh(h)Rogx Sx:
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Theorem
= Sw — Prov(V,, 4, Sx) for w # 0.

Proof

Let h' be w-OK and let h = H'[{0,...,l}}. Then one of the two
hold:

® h(h) Ry w;
* h(h) =w.
And if h(l) R0 x, then wRox.
® As his Ri-free, b An = Sh) V Vi) Roox Sxo

® hence Prov(Ah) — Prov (Sh(/l) \ \/WR()X )
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Theorem
F Sw — Prov(V

Proof
Let h' be w-OK and let h = H'[{0,...,l}}. Then one of the two
hold:

® h(h) Ry w;
* h(h) =w.

And if h(h) Rso x, then wRyx.
® As his Ry-free, = Ap = Spi) V V() Rogx Sx
® hence - Prov(As) — Prov (S, V'V, 4y Sx)-
® w # 0, which implies = A, — Prov(=Sy(;))

Sy) for w # 0.

wRyx
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Theorem
F Sw — Prov(V

Proof
Let h' be w-OK and let h = H'[{0,...,l}}. Then one of the two
hold:

® h(h) Ry w;
* h(h) =w.
And if h(h) Rso x, then wRyx.
® As his Ry-free, = Ap = Spi) V V() Rogx Sx

Sy) for w # 0.

wRyx

® hence - Prov(A,) — Prov (Sh(ll) V'V, B S ).
® w # 0, which implies = A, — Prov(=Sy(;))
Since Ap, is X9, we have - A, — Prov(Ap).



Theorem
= Sw — Provy,(V g, Sx) for w # 0.

Proof
Let h be w-OK.
® If ly = Iy, then = Ay — Prov(—Sy;));
e if lp < h, then = G — Provy,(=Sk(p))-
Therefore = ABCy, — Provy,(—=Sp(1))-

Proving the conditions
00000000
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Theorem
= Sw — Provy,(V g, Sx) for w # 0.

Proof
Let h be w-OK.

® If ly = Iy, then = Ay — Prov(—Sy;));

® if lp < h, then = Cy — Prov,(—=Sp))-
Therefore = ABCy, — Provy,(—=Sp(1))-

® We know that = ABCh — Sp) V V() Rox Sxi
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Theorem
= Sw — Provy,(V g, Sx) for w # 0.

Proof
Let h be w-OK.
® If ly = Iy, then = Ay — Prov(—Sy;));
® if lp < h, then = Cy — Prov,(—=Sp))-
Therefore = ABCy — Prov,,(=Sx(1))-
® We know that = ABCh — Sh(1) V V(i) Rox Sxi
® so I= Provy,(ABCp) — Provy, (Vp(h)rix Sx)-
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Theorem
F Sw — Prov,(V

Proof
Let h be w-OK.

® If ly = Iy, then = Ay — Prov(—Sy;));

® if lp < h, then = Cy — Prov,(—=Sp))-
Therefore = ABCy — Provy,(=Sp,))-

® We know that = ABCh — Sp) V V() Rox Sxi

® so I= Provy,(ABCp) — Provy, (Vp(h)rix Sx)-
Since ABC}, is M3, we have - ABC;, — Prov,,(ABCp).

Sy) for w # 0.

wR1x
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